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Key Points:
• The rare event algorithm increases the statistics of warm summers and heatwaves in
CESM1.2.2 by several orders of magnitude.
• Warm summers over either France or Scandinavia both show wavenumber 3 hemi-
spheric teleconnection patterns for surface temperature and 500hPa geopotential
height.
• Warm summers in Scandinavia show bimodality due to different distribution of sub-
sequent subseasonal heatwaves.
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Abstract
The analysis of extremes in climate models is hindered by the lack of statistics due to the
computational costs required to run long enough simulations. We demonstrate how rare
event algorithms can improve the statistics of heatwaves and warm summers in state-of-
the-art models. We study France and Scandinavia extreme warm summers and heatwaves
in CESM1.2.2, in present-day climate. The algorithm concentrates simulations to events of
importance and shifts the probability distributions of regional temperatures such that warm
summers become common, while estimating probabilities. We compute extreme return times
orders of magnitude larger than feasible with direct sampling, and statistically significant
composite maps of dynamical quantities. We demonstrate that extreme warm summers
are associated with a dynamics with global North-hemisphere wave-number three patterns,
for both surface temperature and 500-hPa geopotential height, and that successions of rare
independent sub-seasonal heat waves create extremely warm summer never observed in the
control run.
1 Introduction
The recent decades have seen a number of exceptionally warm summers and record
breaking heatwaves (Luterbacher et al., 2004; AghaKouchak, 2012; IPCC, 2012; Russo et
al., 2015; Coumou & Rahmstorf, 2012). The Intergovernmental Panel on Climate Change
(IPCC) has concluded that hot days and heavy precipitation events have become more
frequent since 1950 (IPCC, 2013). Particularly relevant cases at the Northern hemisphere
midlatitudes have been the summer of 2003 in France and Western Europe (Garc´ıa-Herrera
et al., 2010) and the summer of 2010 in Russia (Barriopedro et al., 2011; Otto et al., 2012).
The extent to which heat extremes will become more common under the target scenarios of
+1.5 C and +2 C global surface temperature with respect to preindustrial levels is unclear
and an active field of research (Dosio et al., 2018; Suarez-Gutierrez et al., 2018).
For climate, the overall impact is often dominated by the rarest events. For instance,
the death toll of the Western European heat wave in 2003, about 70,000 casualties, exceeded
by far the sum of all other fatalities due to all other heat waves during the three last decades
(Barriopedro et al., 2011). Moreover, extreme events with very long return times (also called
return periods) always occur. For instance, an extreme event with a return time of 1000
years, called a 1000-year extreme, has a chance 1/1000 to occur next year. Among the huge
number of possible extreme events with a return time of 1000 years, a few of them will
certainly occur somewhere sometimes next year.
Then it is obvious that it is crucial to study the most extreme events, with very long
return times. However, we have strong scientific limitations because we can not rely on
historical data for events with return times of 100 years or more, because on one hand any
similar event has ever been observed before and then empirical data is missing, and because
on the other hand it is extremely difficult to study them using climate models because of
the huge computational cost incurred.
In this paper we address one of the strong current limitation in the quantitive sci-
ence of extremes: computational cost limitations to study rare extreme events with climate
models. In order to face this critical practical problem, we use a rare event algorithm in
order to concentrate the computational cost on trajectories of importance for the extreme
events, rather than on extremely long period when nothing dynamically interesting occurs.
Rare event algorithms aim at this goal (Kahn & Harris, 1951; P. Del Moral, 2004). In
a dynamical context, they have been first applied for complex and bio-molecules, see for
instance (Metzner et al., 2009; Hartmann et al., 2013). More recently, in order to progres-
sively go towards genuine geophysical applications, they have been applied to Lorenz models
(Wouters & Bouchet, 2016a), partial differential equations (Rolland et al., 2016), turbulence
problems (Grafke et al., 2015; Laurie & Bouchet, 2015; Ebener et al., 2019; Bouchet et al.,
2019; Lestang et al., 2020), geophysical fluid dynamics (Bouchet et al., 2019), and climate
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applications (Ragone et al., 2018b; Webber et al., 2019; Ragone & Bouchet, 2019; Plotkin
et al., 2019). Some approaches through minimum action methods, related to large deviation
theory, are reviewed in (Grafke & Vanden-Eijnden, 2019).
Based on the phenomenology of the dynamics for each family of extreme events, an
appropriated type of rare event algorithm should be carefully chosen. In this paper, in order
to study long-lasting events, we use an algorithm of the family of genealogical algorithms,
very close in spirit to the initial one (Kahn & Harris, 1951), and the one described by Del
Moral and Garnier (Del Moral et al., 2005) and mathematically comprehensively studied
in (P. Del Moral, 2004). The idea is to perform an ensemble simulation, stop regularly
every resampling time, and based on a score function select some trajectories to clone them
and discard some others. The ensemble statistics is then tilted towards events of interest.
Choosing well the score function in order to define the selection criteria is critical. For
our Del Moral-Garnier algorithm, we use a score function which is the time integral of an
observable, as for instance in (Giardina et al., 2011). In (Giardina et al., 2011), the algorithm
was specifically designed for studying long time large deviations. This is suited for long-
lasting events. In this paper, we use a setup similar to the one in (Giardina et al., 2011), with
the difference that our simulations, like in (Del Moral et al., 2005) are transient ones (they
depend from the initial state and extend over finite time) rather than statistically stationary.
The full specification of the algorithm is discussed in the Suplemmentary Information (SI).
In the following we call this Del-Moral Garnier, or Giardina–Kurchan–Tailleur–Lecomte
algorithm, the rare event algorithm. We have used previously the same algorithm for the
Lorenz-96 model (Wouters & Bouchet, 2016b). The computation of return times with rare
event algorithms is described in (Lestang et al., 2018).
We have also used the same rare event algorithm for studying extreme heat waves
with the intermediate complexity climate model Plasim (Ragone et al., 2018a; Ragone &
Bouchet, 2020) in perpetual summer conditions. In this paper we demonstrate that the same
algorithm can be used and is extremely efficient in sampling warm summers and heatwaves
in Europe with CESM 1.2.2 (Hurrell et al., 2013), a much more complex state-of-the-art
climate model, and in presence of daily and seasonal cycle.
A phenomenological theory exists on the causes of heatwaves (Schubert et al., 2014;
Perkins, 2015; Horton et al., 2016). A number of factors play a role in the creation and
maintenance of heat wave conditions: large scale atmospheric circulation patterns, typically
in the form of blocked atmospheric flows (Della-Marta et al., 2007; Cassou et al., 2005;
Jezequel et al., 2018), lack of precipitation and soil moisture (Vautard et al., 2007; Zampieri
et al., 2014; D’Andrea et al., 2016), and higher than normal sea surface temperatures (Della-
Marta et al., 2007; Cassou et al., 2005). In particular, different clusters of European heat
waves affecting different subregions have been detected, although a precise analysis of the
role of dynamics, hydrology and ocean state for different types of heat waves is difficult
because of the limited statistics available (Ste´fanon et al., 2012).
A large number of different definitions and approaches to define heatwaves exist in the
climate literature. Some consider instantaneous local fluctuations of temperature maxima,
while others focus on persistency and long lasting events (Perkins, 2015; Horton et al., 2016).
Long lasting heatwaves and seasonal extremes of temperature are among the most relevant
events in terms of impacts and not fully understood dynamics (Hoskins & Woollings, 2015).
At midlatitudes these events are related to persistent weather regimes, in the form of a
persistent weather pattern (e.g. a blocking) and/or as successive occurrences of similar phe-
nomena. Persistent regimes are also associated to the occurrence of instantaneous extremes,
and recent studies have found that they can show cases of teleconnections for temperature
and rainfall (Teng et al., 2013; Petoukhov et al., 2016; Boers et al., 2019; Kornhuber et al.,
2019), a notable case being the Russian heatwave and Pakistan floods of 2010 (Lau & Kim,
2012). Dynamically they can be viewed as blockings, amplification of Rossby waves, dis-
placements of the jet corresponding to phases of the North Atlantic Oscillation (NAO) and
the Arctic Oscillation in general (Hoskins & Woollings, 2015). The lack of statistics however
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hinders a full understanding of the dynamics underlying these events. This is particularly
when considering the response to climate change. Some studies show stronger increase with
global warming of the frequency of persistent extremes of temperature (Pfleiderer et al.,
2019). However, the response of the global circulation to climate change is extremely com-
plex and not too well understood. Amplified Arctic warming seems to lead to weakened
westerly winds and hence slower and amplified wave patterns, a systematic shift towards the
negative phase of the NAO, and reduced baroclinicity and temperature contrasts suggesting
reduced growth rates and wind and temperature anomalies (Hoskins & Woollings, 2015).
The lack of statistics however does not allow strong statements about the properties and
the response to climate change of the extratropical dynamics related to persistent extreme
events, including European warm summers and heatwaves.
We apply the rare event algorithm to study warm summers and heatwaves over France
and Scandinavia in CESM 1.2.2. Our aim is to demonstrate the applicability of rare event
simulation techniques to complex climate models, and to highlight properties of extreme
events that cannot be assessed with traditional sampling strategies, because of lack of statis-
tics. In Section 2 we describe the model setup, we define the extreme events we target, and
the rare event algorithm. In Section 3 we show the results of the simulations performed
with the rare event algorithm, focusing on return times and composite statistics of dynam-
ical fields for warm summers and heatwaves over either France or Scandinavia. Finally in
Section 4 we draw our conclusions and outline future lines of work.
2 Data and methods: rare event algorithms for studying climate ex-
tremes with comprehensive climate models
2.1 Model and time averaged temperature anomalies.
Model. All simulations are performed with the Community Earth System Model
(CESM) version 1.2.2 (Hurrell et al., 2013). We use an atmosphere and land only setup,
whose active components are the Community Atmospheric Model version 4 (CAM4) and
the Community Land Model version 2 (CLM2). The model and setups are further described
in the SI. The model is run at statistically stationary state, with sea surface temperatures
(SST), sea ice cover, and the concentration of atmospheric CO2 and other greenhouse gases
fixed at values representative of present day climate (year 2000).
We will use this model to study the statistics of a very long 1000-year control run, and
the statistics obtained using the rare event algorithm. Contrary to our previous proof of
concept of rare event algorithms for climate models (Ragone et al., 2018a), the model in
this study features daily and seasonal cycles. The main methodological result of this letter
is that rare event algorithms can be used with the most complex, state-of-the-art climate
models, of the class used for example for the preparation of the IPCC reports.
Heat waves and physical observable definition. Using those model data, in
order to define heatwaves, we consider the surface temperature Ts(~r, t), where ~r is the
space variable and t is time, and define the surface temperature anomaly Ts−E (Ts) where
E (Ts) (~r, t) is the mean surface temperature, with a seasonal and spatial variation. In
practice, E (Ts) will be approximated by the 1000-year time average of Ts. As discussed in
(Perkins, 2015), which reviews extreme event definitions, many studies of heatwave indices
developed for dynamical studies actually use anomalies rather than absolute values. We will
study the statistics of the spatially and temporally averaged surface temperature anomaly
defined by
a(tI) =
1
T
∫ tI+T
tI
A(t)dt where A(t) =
1
|D|
∫
D
(Ts − E (Ts)) (~r, t) d~r, (1)
where A(t) is the instantaneous spatial average, D is the spatial domain area for defining the
spatial average, for instance France or Scandinavia, tI is the starting date of the heat wave
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temporal average, for instance June 1st, T is the averaging time, for instance several days
up to one season. Heatwaves will be defined as extreme values of the observable a(tI). We
are specifically interested in long events, for instance warm summers (T is then 3 months),
but we also study subseasonal heatwaves with T ranging from 5 to 15 days. For summer
anomalies, we consider aJJA defined by (1) with tI being June 1st and tI + T the last day
of August. In the following, we consider D as the area over either France or Scandinavia.
2.2 Rare event algorithms and statistical analysis.
Rare event algorithm experiments and importance sampling. A key idea is
that the rare event algorithm produces very efficiently rare trajectories of importance for
the study of extremes. It simulates an ensemble of N model trajectories, with selection and
cloning favoring the trajectories leading to the extreme events. Moreover, it quantifies their
probability, for the model climate. For instance, let us denote ~X(t) the vector of values
of all the model variables, at time t. We consider the trajectory
{
~X(t)
}
, with all values
of X along all the interval ta ≤ t ≤ ta + Ta, where ta is the starting date and Ta the
trajectory duration in the algorithm. k denotes the strength of the algorithm selection. We
denote Pk
({
~X(t)
})
the probability distribution function of the trajectory as obtained in
the algorithm. Then we explain in the SI that the rare event algorithm produce trajectories
with statistics
Pk
({
~X(t)
})
=
ek
∫
ta+Ta
ta
A(u) du
Z
P0
({
~X(t)
})
, (2)
where P0
({
~X(t)
})
is the probability distribution function of such a trajectory for the
model climate, Z is a normalization term computed by the algorithm, and A is the selection
function. Using this abstract formula, called an importance ratio formula, if we obtain a
trajectory with the algorithm, we can compute its probability for the model climate (see SI
for more explanations). Practically, the rare event algorithm produces a set of extremely
rare trajectories, using this formula we can compute their probability within the model
climate.
In this paper we use for the selection function A the function used to define a heatwave
in formula (1). We see from equation (2) that if the biasing parameter k is positive, then
trajectories with large values of the time average surface temperature anomaly
∫ ta+Ta
ta
A(u)
will be much more probable with the algorithm than with the model. The larger k, the
stronger the selection, and the more probable trajectories with large values of
∫ ta+Ta
ta
A(u).
With this algorithm, we first analyse extremely warm summers, for both France and
Scandinavia. For each of these two cases, we perform K = 10 ensemble simulations, each
withN=100 trajectories, biasing parameter k=30, with Ta=90 days from June 1st to August
29th, and resampling time τ=5 days (see SI for the definition of τ and for further technical
details about these runs). The total cost of running the rare event algorithm is the same
as the cost for running K × N = 1, 000 3-months seasons of the control run (a quarter of
the cost of the control run), but gives access to a different much interesting statistics for
extreme studies. The control run is also used as a benchmark for the statistics, in order to
evaluate the performances of the algorithm.
Return times. Return times (also called return periods) quantify the probability of
an extreme event. For instance the probability to see next year, a heat wave with a return
time of 100 years, is 1/100. One can compute return times either from the control run or
using the rare event algorithm and the importance ratio formula (2) which gives trajectory
probabilities. A more precise description of the computation of return times is presented in
SI and more extensively in (Lestang et al., 2018) The advantage of the rare event algorithm
is that it gives access to much larger values of the return time, impossible to estimate with
the control run.
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Statistical analysis. A key methodological aspect is that we systematically evaluate
error bars and statistical significance. In order to compute error bars for a quantity f ,
except otherwise stated, we perform a set of K independent experiments and compute an
empirical standard deviation, denoted σ(f), based on these K samples. For instance, from
the control run, we divide the 1000-year data in K = 10 samples of 100-years. For the
rare event algorithm, we have K = 10 independent realizations. We plot composite maps
which are the averages of a quantity f , conditional on a heat wave to occur (f will be
either temperature or geopotential height). We estimate the statistical significance of the
average of a quantity f by computing its t value: t =
√
KE(f)/σ(f), where E(f) is the
empirical average. t is a test of the null hypothesis that E(f) 6= 0. For instance if t > 2,
our interpretation of the test is that the probability that E(f) 6= 0 and positive is larger or
equal to 97%.
3 Results
3.1 The rare event algorithm samples efficiently extremes heat waves
Figures 1a and 1b show the probability distribution functions of the summer tempera-
ture anomalies aJJA for the control run and the rare event algorithm. The model distribution
shows a similar variance of about 1 oK for both France and Scandinavia, while the average
JJA temperature is quite different, about 294.2 oK for France and 288.9 oK for Scandinavia.
The red probability distribution functions illustrate that the algorithm is very effective in
populating the upper tails of the distributions, in both cases. The typical value of the
seasonal anomalies in the rare event algorithm experiments is around 4 oK for both cases,
which are values never observed in the control run. From figures 1a,b we thus conclude that
the rare event algorithm is very efficient at performing importance sampling: most of the
computation power is used to simulate extremely warm summers which probability can be
quantified. We will come back to the observed bimodality of the red probability distribution
function of figure 1b in section 3.3.
Figures 1c,d show the return times of a warm summer versus the value of the time and
spatial average of the temperature anomaly aJJA. The black curves are obtained from the
1000-year control run. In order to estimate the control run error bars, we divide the control
run in K=10 samples of 100 years each, computing 10 estimates of the return times, taking
their average (blue curves), and computing the empirical standard deviation (blue shaded
areas). The red line is obtained using the algorithm, and red shaded area is estimated from
the K=10 independent experiments. For this example, with the rare event algorithm we
reach return times up to 105-106 years with uncertainty ranges comparable with the ones
with the control run for return times of order 102 years. Given the value of k we chose, we
have a small range of overlap for estimates of the return times from either the control run
or the the rare event algorithm. When they do overlap, the values are consistent with each
others within the uncertainty ranges. After about 106-107 years the return time curves reach
a plateau. Such plateaux are due to an under-sampling of the algorithm, as explained in the
SI ; we thus consider results for return times larger than 106 unreliable. A full demonstration
of the reliability of the results obtained with the rare event algorithm in similar simulations
can be found in (Ragone et al., 2018a; Ragone & Bouchet, 2020).
3.2 Global teleconnection patterns for extreme seasonal heat waves
We study dynamical quantities for extremely warm summers. For instance warm sum-
mers with 100-year return times or more (called 100-year warm summers), we consider
time averages over the three months of June-July-August (JJA), with the condition that
aJJA > a100, where a100 is the 100-year return time of the summer surface temperature
anomaly aJJA. Practically, with the control run of duration 1, 000 years, we consider time
averages over the 10 = 1000/100 JJA such that the values of aJJA are the largest. Such
conditional averages are also called composite statistics. Figure 2 shows composite maps of
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JJA anomalies of surface temperature and 500 hPa geopotential height, for 100-year warm
summers over France. Composite maps can also be computed from the results of the rare
event algorithm, as explained in the SI. One of the key advantage of the rare event algorithm
is that it will give much better results than the control run for composite statistics for large
return times, for instance 100-year seasonal heat waves. Moreover the rare event algorithm
gives access to composite statistics for return times larger or equal to 1, 000 years, which is
impossible with the rare event algorithm.
We first illustrate the performance of the rare event algorithm for 100-year warm sum-
mers over France. Figure 2a shows composite statistics of surface temperature and 500 hPa
geopotential height. On this map, we see a nice wavenumber 3 teleconnection pattern for
both temperature and geopotential height. However, how much of these patterns, which
were obtained by averaging over only 10 warm summers, is statistically significant? To an-
swer this question, figure 2b shows the t-value map for the geopotential height (see section
2.2). We see that only the geopotential height anomaly over Europe passes a statistical
significance test with |t| > 2, then we can not really discuss the reality of the global telecon-
nection pattern using a 1000-year control run ; we do not have enough data. Figures 2c,d
show the same composite maps and statistical significance for 100-year seasonal heat waves
over France, but computed using the rare event algorithm, with a quarter of the numerical
cost. They clearly show that the algorithm results are globally significant, except over the
northern part of the Pacific area, and the areas of transitions between cyclonic and anticy-
clonic anomalies that have a low value of the conditional average, and thus a low |t| value.
Clearly the rare event algorithm gives much better results, it confirms the teleconnection
with North America and Central Asia, and gives a much better estimate of the amplitude of
the anomalies and of the transition area between cyclonic and anticyclonic anomalies which
are badly estimated from the control run.
The rare event algorithm gives also access to composite statistics unavailable through
the control run, because they are too rare. For instance figure 3a shows composite statistics
of surface temperature and 500 hPa geopotential height for 1000-year warm summers over
Scandinavia.
Based on the rare event algorithm results, we can describe better the warm summer
composite maps. They give an overview of the characteristics of the synoptic dynamics
occurring during extremely warm summers. For both 100-year seasonal heat waves over
France (figure 2c), and 1000-year seasonal heat waves over Scandinavia (figure 3a), and
other large return times (not shown), a warming pattern centered over the target region is
present, extends beyond the target region, encompasses a larger area on a spatial scale of a
few thousands km, which coincide with central-Western Europe for France and Northern-
Eastern Europe for Scandinavia. This shows that extremmely warm summers are related
to persistent anticyclonic synoptic scale structures centered over the target area. These
structures are consistent with the observed local synoptic conditions for the occurrence of
European heatwaves, defined as extremes of variously defined metrics (Perkins, 2015) of
subseasonal, local or regional, temperatures. In particular, for the Atlantic-Europe area,
the warming patterns are very close to the observed patterns for the Western-European and
the Scandinavian heatwave clusters obtained from reanalysis data in (Ste´fanon et al., 2012).
Our study allow to extend globally this analysis.
These synoptic structures are part of global hemispheric structures of approximately
wavenumber 3, which were not noticed in previous studies. This induces a midlatitude
temperature teleconnection pattern, with persistent regional temperature anomalies of al-
ternating signs and of a slightly smaller (but significant) magnitude than the one over the
target area. The patterns for the two regions are in broad strokes similar, although they
differ in the exact location of the regions of positive and negative anomalies. Warm summers
over France occur systematically with warm summers over Siberia and to a minor extent
East Asia, and with warm summers in North-East America. The corresponding tripolar
structure of anticyclonic anomalies is accompanied by a localized low over Central-Asia and
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a general lower pressure over the Arctic, with minimum over Greenland. The structure
related to Scandinavian warm summers is similar on the North-Atlantic sector, but over
Asia it is quite different, with a negative temperature anomaly (and related low pressure)
extending from Southern Europe to the whole central Asia, with the positive anomaly con-
strained over the far East. The circulation over the Arctic is also different, with a strong
low over the Pole.
3.3 Bimodality of warm Scandinavia summers and subseasonal heat waves
On figure 1b, the red probability distribution function shows a clear bimodality of the
Scandinavian summers in the rare event algorithm data. This suggests that two types of
qualitatively distinct dynamical events might lead to Scandinavian warm summers. The
bimodality consequences is visible on figure 1d, as the change of derivative that occurs in
the return time plot at about 4 K. We note that, because of the nonlinear relation (2),
a bimodality in the algorithm distribution does not necessarily imply a bimodality in the
tail of the model distribution. Still it is interesting to test the hypothesis of two types of
dynamics.
Figures 4b and 4c show the composite maps computed separately for the two peaks
of the red probability distribution of figure 1b. While the overall structure is the same as
the total composite map on figure 4a, the map of the first peak (figure 4b) shows a much
weaker teleconnection pattern, and an anticyclonic anomaly over the North-Atlantic that is
not present in the map of the second peak (figure 4c), and that is hidden in the total map
(figure 4a). Scandinavian warm summer dynamics is compatible with a northward shift of
the jet stream along the entire hemisphere. In the case of the first peak (figure 4b), this
shift is less clear over the North-Atlantic, where a different dynamics seems to be in place.
It is however likely that, if two distinct types of dynamics are occurring, a selection based
only on the range of seasonal regional temperature fluctuations is not enough to differentiate
between different dynamics, and therefore our composite maps show from that point of view
mixed information.
The study of subseasonal heat waves will give a better explanation of this bimodality.
We consider subseasonal surface temperature anomalies over Scandinavia by 5-day time
averages a (formula (1) with T = 5 days). We call subseasonal heatwaves, the extreme high
values of these 5-day averages, or the succession of several extreme high values of these 5-
day averages. Figure ??, in the SI, show that the distribution of 5-day surface temperature
anomalies for the rare event algorithm is strongly tilted towards large value. This means,
that the rare event algorithm, while it is tuned for studying seasonal extremes, is producing
also much more subseasonal heatwaves.
In order to study the relation between extreme warm summers and subseasonal heat-
waves, we will first look at the selection, cloning and resampling events produced by the rare
event algorithm. For the rare event algorithm statistics, the trajectories are reconstructed
backward. One starts from the last period of τ=5 days (the resampling time) and then
reconstruct the trajectory taking its mother and then proceeding this way backward until
the first ancestor. This reconstruction is better explained in the SI. For each rare event
experiment, the set of N = 100 trajectories then form one or several branching trees. An
example can be visualized in figure 4a. The horizontal axis is time in blocks of τ = 5 days.
The cloning times are indicated by black squares. We have thus 18 segments of 5 days each,
starting from June 1st on the left and extending for the 90 days of the total simulation time.
The trunks are composed of the common ancestor trajectory of several branches and leaves.
Each broken line, composed by one trunk and its branches up to the last leave, represents
a trajectory. Such trees are abstract representations of the cloning and resampling events.
Figure 4 shows the branching tree of one of the 100 trajectories experiment for studying
Scandinavia warm summers. In this experiment, trajectories belonging to each of the two
peaks in the red bimodal distribution in figure 1b do coexist. In figure 4a, we color the
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trajectories depending on their value for the JJA temperature anomaly aJJA. The black
ones have aJJA < 4.2K and belong to the first peak, while the red ones have aJJA > 4.2K
and belong to the second peak. In the bottom panel, we show the same branching tree,
but we then rather color it based on the values of the 5-day temperature anomalies. Blue
segments indicate that the corresponding 5-day period has a negative temperature anomaly,
black segments a 5-day anomaly between 0 and 4.5K, and red segments a 5-day anomaly
above 4.5K. The chosen threshold of 4.5K is the median of the distribution of the 5-day
temperature anomalies, in the Scandinavian rare event algorithm experiments, as shown in
figure ?? in the SI. This median value for the rare event algorithm corresponds to the 96.6th
percentile of the distribution of the anomalies in the control run. From figure 4, it appears
clearly that during the warmest summers (red ones in figure 4a), we see a first subseasonal
heatwave that lasts about 10 to 15 days (the first red period in figure 4b), and then a second
subseasonal heatwave that last again about 10 to 15 days (the first red period in figure 4b).
It also appears clearly that the less warm summers (black ones in figure 4a) have only
one suseasonal heat wave. We thus conclude that the bimodality of the algorithm statistics
corresponds to qualitatively two different types of summer, with either one subseasonal heat
wave or two subseasonal heatwaves. We note that the 2003 warm summer in France was
characterized by two consecutive heatwaves with a duration of about two weeks.
We thus conclude that at least two families of different warm summers over Scandinavia
are possible. From a dynamical point of view they are primarily distinguished by the
occurence of several independent successive subseasonal heatwaves. The warmer observed
events, never observed in the control run, and numerous in the rare event algorithm, have
two independent and successive subseasonal heatwaves. We also conclude that the rare event
algorithm produces a large number of very extreme subseasonal heatwaves, although it was
tuned to study seasonal events.
4 Conclusions
Our results show that with the rare event algorithm, most of the computational power
is used to simulate very rare events, rather than events related to the bulk statistics of
the target observable. Simulations with the algorithm produce hundreds of times more
extremes than the control run, and allows us to estimate return times of extreme events
orders of magnitude larger than the ones observed in the control run. This allows to compute
precisely statistically significant composite maps of dynamical quantities for warm summers
with extremely strong seasonal surface temperature anomalies. In this way we are able to
identify rigorously the occurrence of persistent teleconnection patterns of wavenumber 3
during very warm summers. These patterns and the related dynamics can not be properly
studied with direct sampling, as the corresponding local anomalies of temperature and
geopotential height are statistically significant basically only over the target region. The
improved statistics given by the rare event algorithm instead allows to obtain statistically
significant maps and a very clear signal also away from the target region.
Teleconnection patterns similar to what we have obtained here were observed in our first
application of the rare event algorithm to a climate model (Ragone et al., 2018a). In that
case the model was an intermediate complexity model, run in perpetual summer setup, and
the target area was the whole Europe. In this case we use a much more realistic model with
seasonal cycle, calibrated to reproduce present day climate, and we target areas consistent
with observed heatwave clusters (Ste´fanon et al., 2012) and recent cases of very intense
heatwaves or warm summer, like the heatwave over France of 2003 and the warm summer
over Northern Europe of 2018. It is striking that we obtain similar qualitative results.
This supports the idea that these teleconnections at seasonal scale and the corresponding
wavenumber 3 dynamics are robust features, mainly dynamical and little affected by the
details of the physical parameterizations.
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Comparison with observations is not straightforward, due to the lack of data and the
fact that most studies have focused on events at subseasonal scale. Several authors have re-
cently highlighted the role of Rossby waves in determining teleconnection of extreme events
(Schubert et al., 2011; Lau & Kim, 2012; Petoukhov et al., 2013, 2016), with particular
emphasis on strong heatwaves, e.g. cases over the central USA (Teng et al., 2013), Al-
berta (Petoukhov et al., 2018) and Western Europe (Kornhuber et al., 2019). These studies
typically find patterns with wavenumber 5 to 7 and analyse subseasonal temperature fluctua-
tions. Several different detection methods are used in the literature to identify the dynamics
leading to heatwaves, including projections of heatwave states on typical variability patterns
obtained with cluster analysis (Cassou et al., 2005) or empirical orthogonal functions (Teng
et al., 2013), spectral analysis (Petoukhov et al., 2018; Kornhuber et al., 2019) and/or indi-
cators based on resonance models (Petoukhov et al., 2013, 2016). Merging these approaches
with rare event simulations should lead to very promising future studies aimed at investi-
gating the relation between the seasonal scale structures we find here and the possible role
of higher wavenumber stationary Rossby waves proposed in the literature, as well as the
possible multimodality in the way of occurrence of some extreme events, like in the case of
Scandinavia.
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Figure 1. Distribution of seasonal JJA temperatures anomalies averaged over France (a) and
Scandinavia (b) from the 1000-year control run (black) and the rare event algorithm (red). Return
times for the seasonal temperature anomalies for France (c) and Scandinavia (d), from the 1000-
year control run (black) and the rare event algorithm (red). The shaded areas, blue for the control
run, and orange for the algorithm, show the standard deviations (see method).
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Figure 2. Northern hemisphere composite maps (conditional statistics) for the anomalies of the
surface temperature (colors) and 500 hPa geopotential height (contours) for 100-year seasonal heat
waves over France, using either the control run (panel a)) or the rare event algorithm statistics
(panel c)). Panel b) (control run) and d) (rare event algorithm) show the corresponding maps of
the t values, for the significance test, for the same data, for the 500 hPa geopotential height only.
This shows that from the control run, with 10 events, one can get a rough qualitative information
at best, however the rare event algorithm gives a much more precise information. This confirms
that France seasonal heat waves are associated with a global wavenumber-3 teleconnection pattern.
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a)
b) c)
Figure 3. a) Composite maps (conditional statistics) for the anomalies of the surface tempera-
ture (colors) and 500 hPa geopotential height (contours) for summers over Scandinavia with return
times larger than 1,000 years. b) Same physical variables, but composite maps with the condition
of temperature anomaly 2K < a < 4.2K. c) Same, but composite maps with condition of temper-
ature anomaly with a > 4.2k. The conditions for panels b) and c) correspond respectively to the
two modes of the red bimodal distribution seen on figure 4b.
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a) ✁✂✄☎☎☎✆
b) ✁✂✄☎☎☎✆
Figure 4. Panel a): Branching trees of a rare event algorithm experiment, with N = 100
ensemble members, for selection of Scandinavia seasonal heat waves. The horizontal axis is time,
from June 1st up to August 29th from left to right. Each line corresponds to a trajectory of the
ensemble, with the backward reconstruction explained in the SI. Each black square indicates the
times when the selection and operations were performed, with a 5 day interval (τ = 5 days). The
cloning events are visible when a new branch is created. Black lines represent trajectories with
JJA temperature anomalies lower than 4.2 K (a < 4.2). Red lines represent trajectories with JJA
temperature anomalies larger than 4.2 K (a > 4.2). Panel b): the same branching tree for the same
experiment, but with different colors for each 5 day period: blue corresponds to negative 5-day time
averaged anomalies, black to 5-day time averaged anomalies between 0 and 4.5 K, and red to 5-day
time averaged anomalies above 4.5 K. This figure shows that the upper mode of the red bimodal
distribution seen on figure 4b correspond to summers with two consecutive subseasonal heat waves
with a duration of a few weeks each.
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